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Abstract the context of linear and non-linear finite element anal-
ysis, can be found in Refs. [2]-[5]. Although the FSDT 
provides acceptable mid-plane displacements, as well 
as in-plane stress components, it fails to capture the 
accurate behavior of transverse stresses, especially 
when analyzing sandwich constructions, which may 
have extremely different mechanical and thermal prop-
erties. 

 This study presents a new triangular finite element 
for modeling thick sandwich panels, subjected to ther-
mo-mechanical loading, based on a {3,2}-order single-
layer plate theory. A hybrid energy functional is em-
ployed in the derivation of the element because of a C  
interelement continuity requirement. The single-layer 
theory is based on five weighted-average field variables 
arising from the cubic and quadratic representations of 
the in-plane and transverse displacement fields, 
respectively. The variations of temperature and distrib-
uted loading acting on the top and bottom surfaces are 
non-uniform. The temperature varies linearly through 
the thickness.  
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 In order to improve the FSDT, Rolfes et al.6 devel-
oped a post-processing technique for computation of 
the transverse stresses by integrating the equilibrium 
equations in conjunction with a predictor-corrector 
approach when analyzing laminates. Park and Kim7 
also introduced an approach to improve the FSDT by a 
two-phase analysis process. The first phase involves 
computation of the displacement components by inte-
grating the transverse strains from the finite element 
analysis of FSDT. The second phase involves updating 
the force vector based on the non-linear part of the 
displacement components for further finite element 
analysis. Thankam et al.8 developed a material finite 
element for which the displacement approximation in-
cludes material properties, as well as the element coor-
dinates. The expressions for the in-plane displacements 
are obtained from modified equilibrium equations. 

 
Introduction 

 The analysis of sandwich constructions with aniso-
tropic composite facings for thermal stresses is of pri-
mary importance for the efficient design of high-speed 
aircraft and missiles. Subjected to hot environments, an 
analysis of such complex vehicles made of sandwich 
constructions can be performed by employing standard 
three-dimensional finite elements. However, this meth-
od is computationally demanding and very costly. An 
alternative to using standard elements is the employ-
ment of finite elements based on either a single-layer or 
discrete-layer plate theory in order to eliminate the dis-
cretization in the transverse direction. Concerning me-
chanical loading only, Das et al.1 provided an extensive 
review of the previous studies and introduced a new 
triangular finite element based on a single-layer theory. 

 Kant and Khare9 employed a {3,0}-order plate 
theory with cubic variation for in-plane displacements 
and a uniform transverse displacement. This theory 
does not require shear correction factors, and the 
resulting element utilizes a  isoparametric interpola-
tion function. However, as discussed by Naganarayan et 
al.,

0C

10 this type of element is prone to error in the case of 
thermo-elastic loading. The error is traced to the non-
participation and/or inconsistent participation of the 
higher-order terms of certain components of the strain 
fields in the total potential. In the case of thick lami-
nates and sandwich constructions, the major shortcom-
ing of this theory is the assumption of uniform trans-
verse deformation. Employing the {1,2} single-layer 
theory and exact solution, Tessler et al.11 showed that 
the transverse deformation is not uniform. Although the 
single-layer plate theory captures the non-uniform 
transverse deformation, it fails to capture the discontin-
uous slope of the in-plane and transverse displacement 
components in the thickness direction.  

 A majority of the previous work concerning only 
thermal loading utilized the first-order shear deforma-
tion theory (FSDT). Extensive reviews of this theory, in  
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 The zig-zag theories and layer-wise theories elimi-
nate this shortcoming of the single-layer theory. These 
theories enforce the continuity of in-plane displace-
ments and transverse shear stresses at each layer inter-
face, as well as the zero transverse shear stress at the 
top and bottom surfaces. Ali et al.,12 Kapuria et al.,13 
and Xiaoping and Liangxin14 extended such theories to 
investigate the response of laminates and sandwich 
beams under thermal loading. Although layer-wise 
theories are suitable for the development of new finite 
elements, they become computationally expensive for 
sandwich structures containing multi-layered face 
sheets. 
 In order to take advantage of the computational effi-
ciency of the single-layer theory, this study presents a 
new triangular sandwich finite element for thermo-
elastic analysis based on a hybrid-stress finite element 
formulation while employing the {3,2}-order single-
layer plate theory developed by Das et al.1 It captures 
both the transverse stresses and the discontinuous slope 
of the in-plane and transverse displacement components 
in the thickness direction by post-processing proce-
dures. This element is validated by comparison against 
the exact solution for a simply supported laminate and a 
sandwich construction subjected to non-uniform tem-
perature distribution. 

Fig. 1   Geometric description of the thick sandwich 
plate element. 
 

and bottom surfaces of the element are exposed to the 
temperature variation of T x  and T x , re-
spectively, The temperature varies linearly through the 
thickness. Furthermore, the sandwich element is sub-
jected to arbitrary kinematic boundary conditions.  

( , )y+ ( , )y−

 
Element Description 

 As shown in Fig. 1, this triangular element contains 
13 degrees of freedom at each node. These degrees of 
freedom consist of two in-plane displacements , 
two out-of-plane rotations 

( , )u v
( , )x yθ θ
1,w 2 )w

, and three transverse 
nodal displacements  and their derivatives ( ,w

,( ,xw , ,yw 1, ,xw 1, ,yw 2, ,xw 2, )yw

 and 

. The weighted-average 
in-plane displacement components in the x- and y-
directions are denoted by u , respectively. The 
weighted-average transverse displacement is denoted 
by w. The weighted-average bending rotations about the 
negative x- and positive y-axes are denoted by 

v

xθ  and 
yθ , respectively. Their positive sign convention is 

shown in Fig. 1. The transverse displacements,  and 
 (not weighted-averaged), represent the symmetric 

and anti-symmetric expansion modes through the thick-
ness of the element. 

1w
2w

 The sandwich element is composed of two face 
sheets with a soft core in between, as shown in Fig. 1. 
The mid-plane of the triangular sandwich element coin-
cides with the ( , )x y

k

13 , andG

 plane of the element coordinate 
system. The origin of the element coordinate system is 
located at a node, and the x-axis is directed along an 
edge. The vector n  represents the unit normal to the 
kth edge. The element has a uniform thickness of 2h. 
The thicknesses of the core and face sheets are denoted 
by  and , respectively. The face sheets, as well as 
the core, can be composed of homogeneous, elastic, or-
thotropic material layers. Each ply forming the face 
sheets has elastic moduli  and ; shear 
moduli ; Poisson’s ratios 

ch fh

12 ,  G
11 22,  ,E E

G
33E

23 12 13,  ,ν ν  
and 23ν ; and thermal expansion coefficients 1α , 2α  
and 3α , where subscripts 1 and 2 are the material coor-
dinates. For an isotropic core material, the Young’s 
modulus, Poisson’s ratio, and thermal expansion coef-
ficient are defined as , cE cν , and cα , respectively.  

 
Higher-Order {3,2} Plate Theory 
 The {3,2}-order plate theory implies that the in-plane 
displacement components vary cubically and the trans-
verse displacement component varies quadratically 
across the thickness of the panel. At any point in the 
panel, the in-plane displacement components in the x - 
and -directions are represented by u x  and 

, respectively, and the transverse displace-
ment component by . In accordance with the 

y
( , y

( , , )x y z
, )yu x z

( , , )zu x y z

 As shown in Fig. 1, the sandwich element is sub-
jected to arbitrarily distributed loading acting on its 
upper and lower surfaces. The load distributions acting 
in the direction normal to the upper and lower surfaces 
are denoted by  and , respectively. 
The concentrated forces in an arbitrary direction are 
also considered as part of the external loading.  The  top  

( , )q x y+ ( , )q x y−
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{3,2} plate theory, the displacement components of the 
sandwich panel are defined in the form 
 

  0 1
2

2 3

( , , ) ( , ) ( , )

                ( , ) ( , )
xu x y z u x y u x y

u x y u x y 3

ζ

ζ ζ

= +

+ +
 (1a)  

( )

2

1,

3

,

2,

( , , ) ( , ) ( , )

1               ( , )
6 2

5              ( , ) ( , )  
5 3 4

            ( , )

y x

y

x y

y

u x y z v x y h x y

hw x y

h x y w

w x y

ζθ

ζ

ζ ζ θ

= +

 
+ − 

 
  + − +   

+ 

x y
 (3b) 

 

  0 1

2
2 3

( , , ) ( , ) ( , )

               ( , ) ( , )
yu x y z v x y v x y

v x y v x y

ζ
3ζ ζ

= +

+ +
  (1b) 

  Substituting for the displacement components from 
Eqs. (3) and (1c) in the strain-displacement relations of 
the elasticity theory, the strain components can be ex-
pressed in the form  

  ( )
1

2
2

( , , ) ( , ) ( , )

               ( , ) 1 5
zu x y z w x y w x y

w x y

ζ

ζ

= +

+ −
  (1c) 

 
 where z hζ =  is the normalized thickness and varies 

in the range 1 1ζ− ≤ ≤ . 
 As introduced by Tessler,15 the weighted-average 
quantities through the thickness of the panel are defined 
as  
 

  ( ) ( )1( , ), ( , ) ( , , ), ( , , )
2

h

x y
h

u x y v x y u x y z u x y z dz
h −

= ∫  (2a) 

            

(0) (0)

2
(1)

3
(1)

1     
6 2

     
5 3

h

h

αβ αβ α

αβ

β

αβ

ε ε ζ κ

ζ ε

ζ ζ κ

= +

 
+ − 

 
 

+ − 
 

  ( , , )x yα β =  (4a) 

  
( )

( )3

( , ), ( , )

3     ( , , ), ( , , )
2

x y

h

y x
h

x y x y

u x y z u x y z zdz
h

θ θ

−

= ∫
  (2b) 

 

  

(0) (0)

2 (0) (0)

         2  
5( , ) (1 )( ,
4

zz zz zz

yz xz yz xz

hε ε ζ κ

)γ γ ζ γ γ

= +

= −
  (4b) 

 
in which the resultant strains and curvatures are defined 
as   23( , ) ( , , )(1 )

4

h

z
h

w x y u x y z dz
h

ζ
−

= ∫ −

)

  (2c) 
 

 
  

(0) (0)
, ,

(0) (0)
1 ,

,       ,   

 ,   
xx x yy y

,zz xy

u v

w h u v

ε ε

ε γ

= =

= = y x+

,

 (5a)  Enforcing the definition for weighted-average kine-
matic variables results in the expressions for  and v  

 in terms of the weighted-average kinematic 
variables, 

iu i
( 2,3i =

,  ,  xu v θ , and yθ , and the unknown coeffi-
cients,  and  . The unknown coefficients, 

 and v  , are determined by imposing the 
condition of zero transverse shear strains on the top and 
bottom surfaces of the sandwich panel. 

iu
iu

iv
i ( 0i =

( 0i =
,1)

,1)
  (1) (1) (1)

, yy , ,    ,   2xx xx yy xyhw hw hwε ε γ= = = xy   (5b) 

  
(0) (0)

, ,

(0) 2 (0)
2 xy ,

,           

 ,   
xx y x yy x y

,zz xw h

κ θ κ θ

x y yκ κ θ θ

= =

= = +
 (5c) 

 After determining the coefficients  and v  (i = 0,1, 
2,3), the displacement components, 

iu i

xu  and u , are ex-
pressed in terms of the weighted-average quantities 

y

( , , , , )x yu v w θ θ  as 

  (1)
, , 2,

5 ( )
4xx y x xxw wκ θ= + + xx   (5d) 

 

    
( )

2

1,

3

,

2,

( , , ) ( , ) ( , )

1               ( , )
6 2

5               ( , ) ( , )
5 3 4

            ( , )

x y

x

y x

x

u x y z u x y h x y

hw x y

h x y w

w x y

ζθ

ζ

ζ ζ θ

= +

 
+ − 

 
  + − +   

+ 

x y
  (3a) 

  (1)
, , 2,

5 ( )
4yy x y yy yyw wκ θ= + +   (5e) 

  (1)
, , , 2

5 ( 2 )
4 ,2xy x x y y xyw wκ θ θ= + + + xy

,w

  (5f) 

  (0) (0)
, ,   yz y x xz x ywγ θ γ θ= + = +   (5g) 

 
Unlike the conventional form of the relationship 
between the stress, ijσ , and the strain, ijε , components, 
an alternative “mixed” form of the constitutive equa-
tions is employed as 
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( )( )
11 12 13 16

( )
12 22 23 26

( )
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( )
44 45

( )
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( )
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0 0 0 0
0 0 0 0

0 0

 

kk
xx
k
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k

zz
k

yz
k
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k
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zz

yz

xz

xy

C C R C
C C R C
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C C
C C

C C R C

σ
σ
ε
σ
σ
σ

ε
ε
σ
γ
γ
γ

  
  
   
   − − −  =   

 
 
 
   

 
 
 
  ×  
 


 

( )

11 12 16
( )

12 22 26

13 23 63

16 26 66

0
0
1

0 0 0 0
0 0 0 0

0

k

k
xx

yy

xy

zz

C C C
C C C
R R R

T

C C C

α
α
α
α

 
 

  
  − − − −  − ∆    

   
    
   



(6) 









where 3( ) 3φ ξ ζ ζ= −  and 0zzσ  and 1zzσ  are unknown 
functions of x and y. The unknown functions of the 
transverse stress component, 0zzσ and zz1σ , are deter-
mined such that the transverse strain component ( )k

zz  
becomes the least-squares equivalent of the kinematic 
definition of the transverse normal strain component 
(i.e., ,zz z zuε = ). This is achieved by minimizing the 
total error between ( )k

zzε  and zzε  through the thickness 
of the panel, i.e., 

 
in which the superscript (k) indicates that the quantities 
are obtained from the stress-strain relations in the kth 

layer, and strain and stress quantities without the super-
script on the right-hand side of Eq. (6) represent 
through-the-thickness behavior. The components of the 
material property matrix are defined as 
 
      ( ) ( ) ( ) ( )

3 3
k k k

ij ij i jR C= − kC C      (7a) ( ,  1,  2,  6)i j =

  ( ) ( ) ( ) ( )
3 3 33 33 ( )

33

1 with  k k k k
i i kR C S S

C
= =      (7b) (  1,  2,  6)i =

 
The temperature change from a reference state, T∆ , is 
assumed to vary linearly through the thickness and it 
has a non-uniform variation defined by T x  such 
hat 

( , )y
t 
  ( )1 2 ( , )T T T T x yζ∆ = +   (8) 
 
where 1T  and 2T  can be expressed in terms of the 
surface temperatures at the top and bottom surfaces, 
.e., i 

  
1

2

1 ( , ) ( , )   
2 ( , )

1 ( , ) ( , )
2 ( , )

T x y T x yT
T x y

T x y T x yT
T x y

+ −

+ −

 +
=  


 −

=  
 



)

 (9) 

 
The transverse normal strain in the kth layer can then be 
expressed as 
 

  
(

( ) ( ) ( ) ( ) ( )
13 23 63 33

( ) ( ) ( ) ( ) ( ) ( )
13 23 63         

k k k k k
zz xx yy xy

k k k k k k
xx yy xy

R R R S

T R R R
zzε ε ε γ

α α α

= − − − +

+ ∆ + +

σ
 (10) 

 
in which the continuous through-the-thickness varia-
tions of ααε  and αβγ  ( , , )x yα β =  are known explic-
itly, but not that of zzσ . In order to achieve a continu-

ous through-the-thickness distribution of the transverse 
normal stress, a cubic polynomial is assumed for zzσ  as 

1

ε

σ

,ε κ

)

}1)
xyγ

}xyκ

)h

 
  0( , , ) ( , ) ( ) ( , )zz zz zzx y z x y x yσ σ φ ξ σ= +   (11) 
 

 

  ( )2( )
,min

h
k

zz z z
h

u dzε
−

 
− 

 
∫   (12) 

 
Minimization of Eq. (12) with respect to 0zzσ  and zz1  
results in the expression for 0zzσ  and 1zzσ  in the form 
 

    (13) ( )0 1

1 2

,zz

zz

r
T x y

r
ε κ

ε κ

σ
σ

′ ′     
= +      ′′ ′′      

q q
q q κ

ò

 
in which the known vectors α′q  and α′′q  (α =  are 
defined as 

)

 

           
{ }
{ }

1 2 7

1 2 7

 q

q
a q q q

q q q
α α α

α α α α

′ ′ ′ ′=

′′ ′′ ′′ ′′=

K

K
  ( ,α ε κ=      (14) 

 
with their explicit expressions given in Appendix A. 
The resultant strain and curvature vectors are defined 
by 
 
  { (0) (0) (0) (0) (1) (1) (, , , , , ,T

xx yy zz xy xx yyε ε ε γ ε ε=eò  (15a) 
 
 { (0) (0) (0) (0) (1) (1) (1), , , , , ,T

xx yy zz xy xx yyκ κ κ κ κ κ=κ (15b) 
 
Governing Equations 
 The governing equations concerning the equilibrium 
equations and continuity of interelement displacements 
along the element edges are derived based on the prin-
ciple of minimum potential energy. The unknown trac-
tion components, xλ , yλ , and zλ , acting along the 
element edge ensure the continuity of interelement dis-
placements. 
 For a sandwich element subjected to normal tractions 
on the top and bottom surfaces, q x  and ( , ,y+

( , , )q x y h
−

− , respectively, and the unknown interele-
ment tractions, xλ , yλ , and zλ , along the edges, the 
total potential energy, eΠ , of the element “e” is 
expressed as  
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    (16) 

(

) ( )

( )

]

( ) ( ) ( ) ( )

( ) ( ) ( , , )     

( , , )     +

    ( ) ( ) 

    ( )

e

e

e

e

h
k k k k

e xx xx yy yy zz zz yz yz
A h

k k
xz xz xy xy z

A

z

A

h

x x xa y y ya
h

z z za

dz dA q u x y h dA

q u x y h dA

u u u u

u u dz d

σ ε σ ε σ ε σ γ

σ γ σ γ

λ λ

λ

−

+

−

Γ −

Π = + + +

++ −

−

− − + −

+ − Γ

∫ ∫

∫

∫

∫ ∫

}
{ }
{

1 2

( 0 ) ( 0 ) (1)

1, 1,

(1) (1) (1) (1) (1) (1)

(0) (0) (0) (0)   

4
      ( ) ( ) ( )

5

ˆ ˆ ˆ        ( ) ( ) ( )

        

     

     

e

e

A

x a x y ya x x xa

xx xx yy yy xy xy

yz yz xz xz dA

q q w q q w q q w dA

T u u M T h w w

M M M

Q Q

δ δ δ

δ δ θ θ δ

δ κ δ κ δ κ

δ γ δ γ

+ − + − + −

Γ

+ − + − + −

+ − + − + −

+

+ + +

+ +

∫

∫

(1)

, 2 , , 2 ,

( 0 ) ( 0 ) (1)

1, 1,

(1)

, 2 , , 2 ,

( 0

5 5ˆ ( ) ( )   
4 4

ˆ ˆ ˆ        ( ) ( ) ( )

5 5ˆ        ( ) ( )
4 4

        

x y x x ya a x a x

y a x x xa y y ya

y x y y xa a y a y

M w w w w

T v v M T h w w

M w w w w

δ θ θ

δ δ θ θ δ

δ θ θ

δ

+ + − + +

+ − + − + −

+ + + − + +

+

  
  


    

  
  


   

}


{
) (1) ( 2 )

1 1 2 2

(1)

, 2 ,

( 0 ) ( 0 ) (1)

1,

(1)

, 2 ,

( 0 ) (1) ( 2 )

1

ˆ ˆ ˆ( ) ( ) ( )

5ˆ        ( )
4

ˆ ˆ ˆ        

5ˆ        ( )
4

ˆ ˆ ˆ        

e

nz a nz a nz a

x y x x

y x x y y

y x y y

nz nz n

Q w w Q w w Q w w d

M w w

T v M T h w

M w w

Q w Q w Q

δ δ

δ θ

δ δθ δ

δ θ

δ δ

Γ

− + − + −

+ + +

+ + +

+ + +

+ + +

 
 
 

 
 
 

∫

}2
0                           (18)

z
w dδ Γ =

Γ

 

 
where eA  represents the area of the element mid-sur-
face and  the boundary of the element. The displace-
ment components, 

eΓ
xau , , and yau zau , belong to the 

adjacent elements denoted by a. In accordance with the 
{3,2} plate theory, the weighted-average quantities 
associated with the adjacent element are represented by 

, v , w , au a a xaθ , and yaθ . 
 The governing equations are obtained by enforcing 
the first variation of the total potential energy with 
respect to the element unknowns (i.e., the displacement 
components, xu , , and yu zu , and the interelement 
tractions, xλ , yλ , and zλ ) to vanish. This requirement 
esults in r where the left superscripts (0) and (1) denote the con-

stant- and higher-order modes of deformations in the 
transverse direction, respectively. The expressions for 
the interelement stress and moment resultants, ( ) ˆi Tα , 

, and ( )( ) ˆi
nzQ ˆi Mα  ( , ;  0,1,x y i 2)α = = , are defined as 

 

(

)
( )

( )

]

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )  

( , , )  

( , , )  

  ( ) ( )

  ( )

  

e

e

e

e

h
k k k k

e xx xx yy yy zz zz yz y
A h

k k k k
xz xz xy xy xz xz xy xy

z

A

z

A

h

x x xa y y ya
h

z z za

dz dA

q u x y h dA

q u x y h dA

u u u u

u u dz d

zδ σ δε σ δε σ δε σ δγ

σ δγ σ δγ σ δγ σ δγ

δ

δ

δλ δλ

δλ

−

+

−

Γ −

Π = + + +

++ + +

−

−+

− − + −

+ − Γ

∫ ∫

∫

∫

∫ ∫

0 
e

h

x x y y z z
h

u u u dz dλ δ λ δ λ δ
Γ −

 − + + Γ = ∫ ∫

(17) 

  (19a) ( ) ( )(0) (0) (1) (1)
0 1 2 3

ˆ ˆ ˆ ˆ, , , , , ,
h

x x x x x
h

T M T M P P P P dλ
−

= ∫ z

z (19b) ( ) ( )(0) (0) (1) (1)
0 1 2 3

ˆ ˆ ˆ ˆ, , , , , ,
h

y y y y y
h

T M T M P P P P dλ
−

= ∫
h

 ( )(0) (1) (2) 2 1ˆ ˆ ˆ, , 1, ,
5nz nz nz z

h

Q Q Q dλ ξ ξ
−

= −
 

⌠

⌡

  (19c) z


in which 
 
Substituting for the displacement and strain components 
from Eqs. (1), (3), (4), and (10) in conjunction with 
Eqs. (11) and (12) and integrating through the thickness 
in Eq. (17) result in 
 

   

{ ( 0 ) ( 0 ) ( 0 ) ( 0 ) ( 0 ) ( 0 ) ( 0 ) ( 0 )

(1) (1) (1) (1) (1) (1)

( 0 ) ( 0 ) ( 0 ) ( 0 ) ( 0 ) ( 0 ) ( 0 ) ( 0 )

       

        +

e

e xx xx yy yy zz zz xy

A

xx xx yy yy xy xy

xy

xx xx yy yy zz zz xy x

N N N N

N N N

M M M M
y

δ δ ε δ ε δ ε δ γ

δ ε δ ε δ γ

δ κ δ κ δ κ δ

Π = + + +

+ + +

+ + +

∫

κ

 

  

2

0 1 2

3

3

11 ,   P  ,       
6 2

5 3

P h P

P h

ξξ

ξ ξ

 
= = = − 

 
 

= − 
 

  (19d) 

 The resultant stresses, ( )Nαβ
l , , and (0)

yzQ (0)
xzQ , and 

the resultant moments, ( )Mαβ
l  (α , β = , ;x y  0,1=l ), 

can be expressed in terms of the strain and curvature 
components by integrating the strain energy density of 
the sandwich panel [i.e., the first integrand in Eq. (16)] 

                                                 
                                              (continued in next column) 
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through the thickness after substituting from Eqs. (4), 
6), (10), and (11) in conjunction with Eq. (13) as   

( )(1) (1) (0)
, ,

(0) (0)
,

5
4
                0

yy y xy x yy y

xy x yz

M M M

M Q

+ + ,

+ − =
 (24d) (

 

   (20) (
*

* ,T T x y
      
     = −      

             

N A B 0 N
M B D 0 κ M
Q 0 0 G γ 0

ò
)

  
( )(1) (1) (0)

, ,

(0) (0)
,

5
4
               0

,xx x xy y xx x

xy y xz

M M M

M Q

+ +

+ − =
 (24e) 

where 
 

{ }(0) (0) (0) (0) (1) (1) (1), , , , , ,T
xx yy zz xy xx yy xN N N N N N N=N y    ( )

(0)
(1) (1) (1)

, , ,+ + +2zz
xx xx yy yy xy xy

N
h N N N q

h 2=   (24f) 
   (21a) 

{ }(0) (0) (0) (0) (1) (1) (1), , , , , ,MT
xx yy zz xy xx yy xM M M M M M M= y

}

}

   (21b) 
     ( )

(0)
(1) (1) (1)

, , ,2

4+ + +2
5

zz
xx xx yy yy xy xy

M
1M M M

h
= q   (24g) 

{ }* (0) * (0) * (0) * (0) * (1) * (1) * (1) *, , , , , ,
T

xx yy zz xy xx yy xyN N N N N N N=N  
 
where 
 
  1 2   and   q q q q q q+ − + −= − = +     (21c) 
  

{* (0) * (0) * (0) * (0) * (1) * (1) * (1) *= , , , , , ,M
T

xx yy zz xy xx yy xyM M M M M M M
    (21d) 

{ (0) (0),T
yz xzQ Q=Q   (21e) 

 The interelement stress and moment resultants, ( ) ˆi Tα , 
, and ( ) ˆi

nzQ ( ) ˆi Mα  ( , ;  0,1,x y i 2)α = = , along the 
element boundaries are obtained as  
 

{ }(0) (0) (0) (0) (1) (1) (1), , , , , ,T
xx yy zz xy xx yy xyε ε ε γ ε ε γ=òe  (21f) 

{ }(0) (0) (0) (0) (1) (1) (1), , , , , ,T
xx yy zz xy xx yy xyκ κ κ κ κ κ κ=κ  (21g) 

  (0) (0) (0)
x̂ xx x xy yT N n N= + n

y xn

 (25a) 

   (25b) (0) (0) (0)
ŷ yy y xT N n N= +

{ }(0) (0),T
yz xzγ γ=γ    (21h) 

  ( )

( )

(0) (0) (0)

(1) (1)
, ,

(1) (1)
, ,

ˆ

5         
4
5         
4

nz xz x yz y

xx x x xy x y

yy y y xy y x

Q Q n Q n

M n M n

M n M n

= +

− +

− +

 (25c) 
 
The explicit forms of    , and M are given 
in Appendix B. This constitutive relation can be also 
expressed in terms of the compliance matrix C in the 
orm 

,A ,B ,D *N *

f
 
   (22) ( t= +E C S S )

}

=

=

  (0) (0) (0)ˆ
y yy y xy xM M n M n= +  (25d) 

where  
  (0) (0) (0)ˆ

x xx x xy yM M n M n= +  (25e)  

   (23a,b,c) 
{ } {

( ){ }* *

, , ,      , ,

, , ,

E γ S N M Q

S N M 0

T T

T
t T x y

κ= =

=

ò

  
(

)

(1) (1) (1)
, ,

(1) (1)
, ,

ˆ = +

          + +

nz xx x x yy y y

xy x y xy y x

Q h N n N

N n N n

− n
  (25f)  

 Substituting for the resultant strains and curvatures 
from Eq. (5), integrating the area integrals of Eq. (18) 
by parts, and applying the Gauss theorem to appropriate 
terms result in the governing equations for the sandwich 
element. The equations of equilibrium are obtained as 

  (1) (1) (1)
x̂ xx x xy yT N n N= + n

y xn

  (25g) 

    (25h) (1) (1) (1)
ŷ yy y xT N n N= +

 
   (24a) (0) (0)

, , 0xx x xy yN N+
 
   (24b) (0) (0)

, , 0yy y xy xN N+
  

(
)

(2) (1) (1)
,

(1) (1)
, ,

ˆ

            

nz xx x x xy x y

yy y y xy y x

Q M n M , n

M n M n

= − +

+ +
 (25i) 

  
( )(1) (1) (1)

, ,

(0) (0)
, ,

5 2
4
                 

,

1

xx xx yy yy xy xy

xz x yz y

M M M

Q Q

+ +

− − = q
 (24c) 

  (1) (1) (1)ˆ
x xx x xy yM M n M n= +   (25j) 

  (1) (1) (1)ˆ
y yy y xy xM M n M n= +   (25k) 

 6 
 American Institute of Aeronautics and Astronautics 
 



 

The interelement kinematic continuity conditions are 
obtained as 
 
  , , ; au u= av v= aw w= x xaθ θ= , y yaθ θ=   (26a) 

  , 1 1aw w= 1, 1 ,x a xw w= , , 1, 1 ,y aw w= y 2 2aw w=  (26b) 

  , 2, , 2 ,
5 5( ) ( )
4 4y x x ya a x a xw w w wθ θ+ + = + +  

 (26c)   
  

  , 2, , 2 ,
5 5( ) ( )
4 4x y y xa a y aw w w wθ θ+ + = + +  

(26d) y
  
  

 
These kinematic continuity conditions are imposed not 
only on the weighted-average displacements and slopes 
( , , , , )x yu v w θ θ , but also on the derivatives of the 
higher-order displacement modes  in the trans-
verse direction. Therefore, the finite element implemen-
tation of the equilibrium equations requires at least  
interelement continuity for the out-of-plane displace-
ment modes of . Because of this require-
ment, the finite element implementation of the total po-
tential energy functional in terms of the assumed dis-
placement field becomes rather difficult. Therefore, this 
triangular sandwich element is developed by utilizing 
the hybrid energy functional in which the stress/ 
moment resultants within the element and displace-
ments and slopes around the element boundaries are 
assumed independently. 

1 2( , )w w

1C

1,  ,  and w w w2

 
Element Development 

 The hybrid energy functional formulation overcomes 
the difficulty of the C  interelement continuity require-
ment because the displacements, as well as the slopes, 
are independently assumed only along element bound-
aries, which can be rendered identical along the com-
mon boundaries of adjacent elements. However, the 
kinematic compatibility between the displacements and 
slopes along the element boundaries is preserved in 
order to avoid a possible shear-locking phenomenon. 
Also, as part of the hybrid energy functional formula-
tion, the stress and moment resultants within the ele-
ment are selected in the form of complex power series 
so as to satisfy the equilibrium equations of Eq. (24).  

1

 The hybrid energy functional for an element, HΠ , is 
defined as 
 

  1
2

e e e

T T T
H t

A A

dA dA d
Γ

Π = + − Γ∫ ∫ ∫S CS S E T ub b   (27) 

 
in which the element boundary is denoted by eΓ  and its 
area by eA . The vectors  and  include the 
components of the boundary forces and boundary 

displacements, respectively. The compliance matrix, 
, is defined in Eq. (22). In accordance with the hy-

brid energy formulation, the resultant stress vector, , 
must satisfy the equilibrium equations, Eq. (24), iden-
tically. It is composed of the homogeneous solution, 

, and the particular solution, , in the form 

bT bu

C

hS

S

oS

h oS

(0
( )

(1)
( )

(0)
( )

(
( )ξη

(1
( )

(0)
( )

(0
( )z k

( ) Nl
ξη

ξ η

 
  = +S S   (28) 
 
The components of the homogeneous part of the 
resultant stress vector, , are expressed in the form of 
complex power series as 

hS

 

   (29a) 
4

(0) (0) )
( )

0

T
k

k
Nξη ξη ξη

=

= ∑ N α k

    (29b) 
4

(1) (1)
( )

0

T
k k

k

Nξη ξη ξη
=

= ∑ N α

  
2

(0) (0)
( )

0

T
zz zz k

k

N
=

= ∑ N α zz k

k

k

  (29c) 

   (29d) 
4

(0) (0) 0)
( )

0

T
k

k
Mξη ξη

=

= ∑ M β

   (29e) 
4

(1) (1) )
( )

0

T
k

k

Mξη ξη ξη
=

= ∑ M β

  
2

(0) (0)
( )

0

T
zz zz k

k

M
=

= ∑ M βzz k   (29f) 

  
3

(0) (0) )
( )

0

T
z z k

k
Qξ ξ

=

= ∑ Q ρξ  (29g) 

 
in which the vectors of stress, ξη , moment, ( ) Ml , 
and shear stress, (0)

zξQ

( )kξη
( )l

, resultants contain the real and 
imaginary parts of the complex power series terms, and 
the vectors , , and ( )l α ( )kξηβ (0)

( )z kξρ

, ,x y

 contain the 
real and imaginary parts of the unknown coefficients 
(generalized coordinates) with ;  0,1= l = . The 
series representations are truncated at an appropriate 
order so as to ensure compatibility among the stress, 
moment, and shear stress resultants, when substituted 
into the equilibrium equations, and to ensure definite-
ness of the stiffness matrix associated with the general-
ized coordinates. With this representation, the homo-
geneous equilibrium equations are satisfied, provided 
that certain relations exist among the unknown coeffi-
cients. These constraint conditions are expressed as 
 
  =cb 0  (30) 
 
in which c  is the constraint matrix and b  is the vector 
of unknown coefficients. The constraint equations that 
are required to construct matrix c  are given in Appen-
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dix C. The vectors , , and ( )
( )kξηNl ( )

( )kξηMl (0)
( )z kξQ , 

and their associated unknown coefficient vectors, 
, , and ( )

( )kξη
l α ( )

( )kξη
l β (0)

( )z k

], Im[kz z−

( 0k =

{ ], Im[kz −

        (k

{ }k

        (k =

{ }( )
( ) ]ξηα αl

   ( 0k =

( )
( ) ]zz kαl

   (k

( )
( ) ]ξηβl

   ( 0k =

( )
( ) ]zz kβl

   (k

(0)
( ) ]z kρ

   (k =

ξρ

( ) Re[k k= =

) Re[k= =

], Im[z z−

)
( ) ], Imk kξη

{ ( ) ], Im[zz kα

{ ( ) ], Imk kξηβ

{ ( ) ], Im[zz kβ

{ ( ) ], Im[z kξ ξρ

, are expressed in the 
form 

( )
( )

iT TN M

( )
( )

T T
zN Ml l

( ) Re[=

( ) Re[=

Re[=l l

Re[=l l

Re[=l l

(Re[=

, ,

k

, 4)

}
, 2)

,3)

, 4)

}
, 2)

}
, 4)

}
, 2)

}
,3)

ξη
l

( )
zz

(0)
ξQ

( ) T
ξηα

( ) T
zzα

( ) T
ξηβ

( ) T
zz kβ

(0) T
z kρ

]

[

[

x yξ η =
z x

0,1=l
iy

z
= −

Pb

o+ S

thk

h =S

P

=S Pb

j

b

b

thk

 
    ( )  { }]ξη

,1, 2,3  (31a) 

   ( ]k z zk

k

k

ξ

0,1=  (31b) 

  T k
z k  

Fig. 2   Assumed displacement and slope fields along 
the element boundary. 

    (31c) 0,1,2

  (l l  

    (32a) ,1,2,3

   ( )
( )k

tween 0 ks≤ ≤ l , with l  being the length of the k  
edge. Therefore, the boundary displacements and their 
derivatives, as well as the independent slope compo-
nents, as defined by the {3,2}-order theory, are expres-
ed in terms of the nodal degrees of freedom as  

k
th

    (32b) 0,1=

   ( )
( ) ( )

s
 

    (35a) (
2

( ) ( ) ( ) ( )
( ) ( )

1

, ( ) ,k k k k
n s m n m s m

m

u u N s u u
=

= ∑ )

)

m

)

k

    (32c) ,1,2,3

   ( )
( ) ( )

    (32d) 0,1=

   0)
( )

   (35b) 
(

( )

2
( ) ( ) ( ) ( ) ( ) ( )

1 2 ( ) 1( ) 2( )
1

( ) ( ) ( )
2 , ( ) 1, ( ) 2, ( )

, , ( ) , ,

                       ( ) , ,

k k k k k k
m m m m

m

k k k
m s m s m s

w w w H s w w w

H s w w w
=

+

=

+

∑

( ) (
2

( ) ( ) ( ) ( ) ( ) ( )
, 1, 2, , ( ) 1, ( ) 2, ( )

1
, , ( ) , ,k k k k k k

n n n m n m n m n m
m

w w w N s w w w
=

= ∑   (35c)     (32e) 0,1,2
 
with  and ; the complex variable, , 
is defined as , in which = + 1i . The vector 
representations of the stress, bending, and shear stress 
resultants can be cast into matrix form as 

  
2

( ) ( )
( )

1
( )k

s m s m
m

N sθ θ
=

= ∑   (35d) 

 
   (33)    (35e) 

3
( ) ( )

( )
1

( )k
n m

m
M sθ

=

= ∑ k
n mθ

k

n

  
in which the matrix  contains the real and imaginary 
parts of the power series terms and the vector  con-
tains the real and imaginary parts of all the unknown 
generalized coordinates. The explicit expressions for P  
and  are given in Appendix C. Hence, the general 
solution form of the resultant stress vector S  becomes  

where ( u ) represents the in-plane displacements 
normal and tangent to the  edge and ( ) 
and ( ) denote the weighted-average, 

 and second-order modes of out-of-plane dis-
placements and their derivatives, respectively. The 
slopes normal and tangent to the boundary are denoted 
by 

( ) ( ),k k
n su

( ) ( )
, 1,, ,k k
n nw w

thk ( ) ( ) ( )
1 2, ,k kw w w

( )
2,
kw

( )k

first-,

nθ  and ( )k
sθ , respectively, and their sign conven-

tions are shown in Fig. 2. The corresponding nodal 
degrees of freedom for these displacement and slope 
components at nodes i and j along the  edge are 
identified by the subscript m=1 and m=2, respectively. 
Note that the slope component, 

thk

( )k
sθ , has a mid-side 

(third-node) degree of freedom to be eliminated later. 

 
    (34) 
 
 As part of the hybrid finite element formulation, the 
displacement field is assumed along the element bound-
ary. Along the edge of the triangular element lying 
between nodes i  and  (as shown in Fig. 2), a Carte-
sian coordinate system is attached to node i and the 
axes normal and parallel to the  edge are referred to 
as n and s, respectively. The s-axis also represents the 
line  coordinate  along  the  boundary,  and  it varies be- 

 The functions N , ( )j s ( )jM s , and ( )jH s  represent 
the linear, quadratic, and cubic (Hermitian) interpola-
tion functions, respectively. Also, the out-of-plane dis-
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placement components, , , and , are func-
tions of the s-axis only. Therefore, the derivatives of 
( ) with respect to the n-axis are assumed 
independently by using linear shape functions. 

( )kw ( )
1

kw ( )
2
kw

( ) ( ) ( )
1 2, ,k k kw w w

( )( )w w+ +
2

2s
∂
∂

( )
(3)
k

n

)k k
n s 0s =

θ
( )
, ( )

k
s mw ( )

2,
k
sw

( )k

1,= 2

su
( )
2
kw

( )k
n

( )kw

θ ( )k
sθ thk

( )k′ ′=u L

( ) ( )

( ) ( )
2,

, , ,

,k
s

w w

( )

2,

( )
,

,

,
T

T T

k k

k

n

′ ′ ′

( ) ( )
(1) ({ ,u u

2)}
( )T′θ

( ) ( )k v

}

( )
1 2

( )

k k

k k
sθ θ

( )

( )
,

,

,

T

s

k
n n

′ ′ ′ ′w w w

w w

)}
k

α

α α=

{( ) ( )

( )              

u
Tk u′ =

{( )

1,              

              

Tk′ =v u

′
( ) ( )

, ,{ ,
Tk k

α α′ =w

( )
1,, , ,k

n w

}

( )

( )

,

T

T

k k

s

k

′

Tk =
( )

(2)}
k

α
( ) ( )
(1) (2){ , }k k

i iw w ( )
, ,{ ,k k

i iw wα α , (2)},k
i α

T
=

1, 2;  , )n sα =

( )kZ

( )k′

( )k′

( ) =v

( , )n s

( )k kZ

 In order to maintain kinematic compatibility, differ-
ent orders of polynomials are chosen to represent the 
displacement and slope components as given in Eq. 
(35). The degree of freedom at the mid-side node, ( )

(3)
k

nθ , 
is eliminated by imposing the constraint of linear 
variation of the boundary expression  
 

  ( ( )
, 2,

5
4

kθ 
  

  (36) 

 
With this constraint equation, the mid-side degree of 
freedom, , can be expressed in terms of , ( )

( )
k

n mθ
, and  , with ( m ), which are assigned at 

the ends of the  edge. thk
( )k In compact form, the in-plane displacements, u  

and 
n

, the transverse displacements, , , and 
, their derivatives with respect to the n- and s-

coordinates, and the slopes around the n- and s-axes, 

( )
1

kw

 and , along the  edge of the element can be 
expressed as 
 
   (37) k′

,

,s

}k

where  
 

   (38a) 
( ) ( ) ( )

, 2,

( )
, 1,

,

, , ,

k k k k k
n s n n

k k
s s n

u w w w

w w w
 

  (38b) 

( ) ( )
1 2

( ) ( ) ( ) ( )
1,

( ) ( )
1, 2

, , , , ,

, ,

,

T T T

T T T T

T

k
n s

k k k k
s s n

k k

′

′

′ ′ ′ ′

u

w w w

w w

θ θ
 
in which u , , 

; , 

( )
2

Tk k
α α=

( )
(1) , (

kw wα

( ) ( ) ( )
(1) (2){ ,kw w′w

( )
(1){ ,k kθ θ ( )w

Tk
i′ =     

, and with   (( )w′ ( )
(1) i =  

. The explicit form of the matrix of 
interpolation functions, L , is given in Appendix C. 
The prime on the superscript denotes definition with 
respect to the line coordinate system, , along the 
boundary of the element. 
 In order to utilize this equation in the hybrid energy 
functional, the vector  is expressed in terms of the 
element nodal vector  as 

v
v

 
    (39) ′ v
 
where  is the transformation matrix between the 
nodal degrees of freedom defined in the element, 

( , )x y , and line coordinate, , systems for the k  
edge, and  with 

( , )n s
)}

Tv

th

(1) (2) (3{ , ,T T T=v v v

( )

      

vT
k

( )k

( ) ( ) ( ) 1( )

2, ( ) , ( ) 1, ( )

, , ,

, , ,

k k k k

x k y k y k

u v w w

w w w

2( ) ,

2, ( )

, ,

,

k

y k

w w

w

′

( ) =u L ( ) ( )k k′ ′ Z

′u
(ku

( )k′ =u Y( ) (k

{ ( ) ( ) ( )

( ) ( ) ( )
, 1, 2,

, , , ,

    , , ,

k k k ( ) (
1 2

( ) ( ),   

u
k k
y y y

u v w

w w w

=

thk

k k k
x yθ θ

Y

( )k
xθ

( )x kθ

1( )Tk k −

= Y

( )

(ku

( ) ( )k k s=u L
( ) ( )k s

( ) (( )k ks =L Y ) ( ) (
T

′L
th

( ) ( ) ( ) ( )

( ) ( ) ( )
1, 1, 2

( ) ( )
2, ,

, ,

          , , ,

5      ,
4

u k k k

k k k
x y

k k
x x

u v w

w w w

w wθ

= 


+ +

 

   
{

}
( ) 1, ( ) 2, ( )

( ) ( )

, ,

    ,

x k x k x k

x k y k

w w

θ θ

=
 (40) 

,

 
The form of the transformation matrix, , is given 
explicitly in Appendix C. The displacement vector 

( )kZ

becomes u
 
    (41) k v
 
A similar transformation between the displacement vec-
tor, ( )k , defined in the line coordinate system and the 
displacement vector, ) , defined in the element 
oordinate system is established as  c

 
   (42) )u k

where  
 

  
}

( ) ) ( ) ( ) ( )
, 1, 2,, , , ,

   

k k k k k k
x xw w w w w

 (43) 
x

 
and the transformation matrix )  is expressed in 
terms of the sine and cosine of the angle between the 
normal (n-axis) at the  edge and the 

(k

x -axis. The 
explicit expressions for the components of  are 
given in Appendix C. It must be noted that the sign 
convention of 

( )kY

 is in the negative x-direction of the 
element, whereas the slope  at the nodal point is in 
the positive x-direction of the element coordinate 
system. Also, the transformation matrix is orthonormal, 
i.e., ( )Y . Hence, the displacement vector, 

) , in the element coordinate system is expressed in 
the terms of the nodal unknowns (or degrees of 
freedom) in the element coordinate system as  
 
    (44) v
 
in which L is defined as  
 
   (45) ( ))k Z ks
 
The boundary displacement vector, u , along the k  
edge of the element is defined as  

( )k
b

 

  (

( )

( ) ( ) ( )
1

( ) ( )
,

( ) ( )
2,

, , , ,

5  
4

k k k k
b x y

k k
y x

k k
y y

w

w

w

θ θ

θ +

+ 


 (46) )

It is related to the displacement vector, u , in the 
element coordinate system as  

( )k
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  ( ) ( ) ( ) ( )k k k
b s= =u uu B u B L v   (47) 

  { }ˆ ,T T T=b b λ ,   ˆ
T 

=  
 

H c
H

c 0 
in which , given explicitly in Appendix C, can 
easily be constructed by comparing the components of 
the vectors u  and . The boundary stress vector 

, containing the resultant stresses and moments 
corresponding to the boundary displacement vector 

) , can be obtained from 

uB

(k ) ( )k
bu

( )k
bT

(k
b

{ }ˆ ,b T b T T
o o=R R 0 , b T  { }ˆ ,b T T

t t=R R 0

ˆ  
=  

 

G
G

0
 

u
  
    (48) ( ) ( )k k

b s=T B S  In accordance with the concept of energy minimiza-
tion, the first variation of the hybrid energy functional 
with respect to the unknown vector b  of generalized 
coordinates yields 

ˆ
in which sB  is a matrix transforming the resultant 
stress vector defined in the element to the resultant 
stress vector defined along the  edge of the element 
and the explicit form of 

thk
sB  is given in Appendix C. 

While invoking the constraint equations, Eq. (30), and 
substituting for the stress vector, the boundary 
displacement and boundary stress vectors in the hybrid 
energy functional result in 

 
  ( )ˆˆ ˆ ˆ ˆ ˆT b b

o tδ + + − =b H b R R G v 0  (52a) 

 
 
or  

 

  
1
2

      

b H b λ cb R b R v

R b b G v

T T b T v
H

b T T
t o

Π = + + −

+ − + Π

T
o o

k

  (49) 

  ( )1 ˆˆ ˆ ˆ ˆb b
o t

−= − −b H G v R R   (52b) 
 
With this explicit solution form, the hybrid energy 
unctional becomes  f

 

  1
2

T T T
H o t oΠ = − + + + Πv k v f v f v   (53) where 

  
    (50a) 

e

T

A

dA= ∫H P CP  

    (50b) 
( )

( ) ( ) ( )

k

T k k k
s b

k

d
Γ

= Γ∑ ∫G P B B L

in which the stiffness matrix k and the resultant force 
load) vector are defined as f(

 
  ,  (54a) 1ˆ ˆˆT -k = G H G -1 ˆˆ ˆ ˆT b T v

o of = R H G - RT
o

m

  

   (50c) 
( )

3
( ) ( ) ( )

1
k

v T k k
o o s b

k

d
= Γ

= Γ∑ ∫R S B B L
a nd  

   (54b) -1 ˆˆ ˆT b T
t tf = R H G

 
   (50d) 

e

b T
o o

A

dA= ∫R S CP q x

   (50e) 
e

b T
t t

A

dA= ∫R S CP

 Associated with applied tractions,  and 
, on the upper and lower surfaces of the ele-

ment, the load vector requires the explicit form of the 
particular solution, , to the equilibrium equations. 
This requirement is circumvented by computing the 
potential energy of external forces from  

( , )q x y+

( , )y−

oS

  

1
2

     

S CS S CS

S CS
e e

e

T T
o o o t t

A A

T
t o

A

dA dA

dA

Π = +

+

∫ ∫

∫
  (50f) 

 

    (55) 
( , ) ( , , /2 )

        ( , ) ( , , /2 )

T
o z

A

z

q x y u x y h

q x y u x y h dA

+

−

 +

+ − 

∫f v

  
The unknown vector, , contains the Lagrange multi-
pliers used for enforcing the constraint equations, Eq. 
(30). In matrix form, the hybrid energy functional, 

λ

HΠ , 
can be rewritten as 
 

  
1 ˆ ˆ ˆ ˆ ˆ
2

ˆˆ ˆ ˆ      

b H b R b R v

R b b G v

T b T v T
H o

b T T
t o

Π = + −

+ + + Π

o  (51) 

In order to evaluate the integral in Eq. (55), the 
weighted-average variables arising in the expression of 
the transverse displacement are approximated in terms 
of linear interpolation functions (only for the 
computation of the load vector), , as  ( , )mN x y
 

    (56) ( ) ( )
3

( ) ( ) ( )
1 2 ( ) 1( ) 2( )

1
, , ( , ) , ,e e e

m m m
m

w w w N x y w w w
=

= ∑
 

w here W
 

ith this approximation, the load vector is recast as  
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   (57) { 1 2 3, ,T T T T
o o o o=f f f f }

dA

dA

 
where , with 

( ) 1( ) 2 ( )
{0,0, , ,0,0,0,0,0,0,0,0}

k k k

T
ok w w wf f f=f

 
   (58a) 

( )
( , ) ( , )

k

e

w k
A

f N q x y q x y+ −= −∫
 
   (58b) 

1( )
( , ) ( , )

k

e

w k
A

f N q x y q x y+ −= +∫
 

  
2( )

4 ( , ) ( , )
5k

e

w k
A

f N q x y q x y dA+ −= −∫ 

t

 (58c) 

 
Finally, the element equilibrium equation is obtained by 
requiring the first variation of the hybrid energy 
functional to vanish 
 
    (59) ( ) 0T

H oδ δΠ = − − =v k v f f
 
For arbitrary variation of δ v , the element equilibrium 
quations become e

 
    (60) o t= +k v f f
 
Assembly of the element stiffness matrices and force 
vectors leads to the structural equations of equilibrium 
as 
 
    (61) cK V = F + F
 
in which , , and F  represent the assembly of the 
element stiffness matrix and nodal and force vectors. 
The vector  arises from the presence of concentrated 
forces.  

K

F

V

c

 Although the transverse shear stresses can readily be 
obtained from the stress-strain relations given in Eq. 
(6), the presence of discrete material properties in the 
thickness direction causes discontinuous variation of 
transverse shear stresses. However, the true variation of 
the transverse shear stresses must be continuous 
through the thickness of the sandwich panel. The accu-
rate computation of in-plane stresses and their first 
derivatives suggests that continuous transverse shear 
stresses, xzσ  and yzσ , can be obtained by integrating 
the in-plane equilibrium equations in the thickness 
direction. Similarly, the transverse normal stress com-
ponent, zzσ , is computed by integrating the transverse 
equilibrium equation in the thickness direction. 
Sandwich panels exhibit nonlinear deformation, with a 
discontinuous slope in the thickness direction due the 
severe changes in mechanical and thermal properties. 
However, in single-layer theories, through-the-thick-
ness variation of the displacement components is 
approximated by polynomials. Such kinematic repre-
sentation does not necessarily capture the accurate 
behavior of displacement components in the thickness 
direction because of the presence of discontinuous 

slopes at the interface of the core and face sheet. This 
inaccuracy is avoided by computing the displacement 
components from the integration of the strain compo-
nents through the thickness. Details of the integration 
procedure for the computation of transverse shear, nor-
mal stress, and displacement components in the thick-
ness direction are given in Appendix D. 
 

Numerical Results 
 In order to demonstrate the capability of the present 
element, an unsymmetric laminate and a sandwich 
panel previously considered by Tessler et al.11 are 
studied. The validity of the present analysis results is 
established by comparison against the three-dimen-
sional exact solutions presented by Tessler et al. The 
exact solutions were obtained using the PAND3D 
analysis program developed by Burton and Noor.16  
 The square geometry of the unsymmetric laminate 
and sandwich panel are described by 2 2 20a b h= = , 
with h = 0.5 in. The laminate consists of carbon/epoxy 
plies of equal thickness and a stacking sequence of 

. In the case of the sandwich panel, 
the face sheets at the bottom and top of the core are of 
equal thickness, 

4 4 4 4[0 / 90 / 0 / 90 ]

0.2fh h= ; hence, the core thickness, 
, is 80% of the total panel thickness. The face sheet 

material is composed of carbon/epoxy plies, with 
stacking sequence [ . Each carbon/ 
epoxy ply has Young’s moduli of  psi 
and , shear moduli of G

ch

22 33 1.E E= =

4 20 / 90 /

639 10  p×

4 20 / 90 / 0
11E

si

4 ]
622.9 10= ×

12 =  
 and , Pois-

son’s ratios of 

6
13 0.864 10  pG = × si

12 13

610  psi23 0.368G = ×
0.32ν ν= =  and 23 0.48ν =

6 o0.01 10 / F−= ×
, and 

thermal expansion coefficients of  
and . The core is made of soft 
PVC (foam) with isotropic material properties specified 
as , 

1α
F

0.3

6 o10 /−×

c

2 3 11.5α α= =

315. 10  psicE = × ν = , and  
. The shear correction factors that appear in matrix 

G of Eq. (B9) are  for the unsymmetric 
laminate and  and  for the 
sandwich panel. 

615.64 10 /−= ×

5536

cα

 0.8939
= 0.xzc

o F

yzc
= =yz xzc c

=0.6161

 In accordance with the {3,2}-order plate theory, the 
oundary conditions are enforced as  b 

   u w 1 2 , 1, 2, 0x x x yw w w w w θ= = = = = = = =  
 
for 0 and  2y y b= = , and  
    
  1 2 , 1, 2, 0y y y xv w w w w w w θ= = = = = = = =  
  
for 0 and 2   x x a= =  
 As shown in Fig. 3, the non-uniform temperature dis-
tributions on the top and bottom surface are, respec-
tively, specified by T x  and 

, where 

o( , ) 300 ( , ) Fy T x y+ =
o( , ) 60 ( , ) FT x y T x y− = ( , ) sin(y 2 )x aT x π=   

( )cos 2y bπ× . A total of 2500 elements are employed 
in the finite element discretization, leading to 16250 
degrees of freedom. 
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Fig. 4   Cross-sectional view of the deformed lami-
nate and the sandwich panel subjected to thermal 
loading.  

(a)  
 

 
of matrix B of Eq. (B3). The variation of xu  and zu  as 
observed in Fig. 5 shows non-linear behavior, and the 
finite element solution is in close agreement with the 
exact solution. The nonlinear variation of the displace-
ment components suggests the necessity of higher-order 
theories for thick laminates. Comparisons of the me-
chanical strains M

xx xx xx Tε ε α= − ∆  and M
zzε ε zz= −   

zz Tα ∆ are shown in Fig. 6. The magnitude of the in-
plane normal strain is comparable to that of the trans-
verse normal strain due to the steep variation of the 
temperature in the thickness direction. The solutions 
from the present analysis for the in-plane normal stress 

xxσ  and the transverse shear stress xzσ  are in close 
agreement with the exact solution, as observed in Fig. 
7. The process of integrating the equilibrium equation 
to obtain the transverse shear stress proves to be effec-
tive enough, and the solution satisfies the zero shear 
stress conditions at the top and bottom surfaces. Con-
sidering the complex, meandering nature of the trans-
verse normal stress zzσ  shown in Fig. 7c, the finite 
element results are in acceptable agreement. In the case 
of lower-order theories, such as the {1,2} theory, the 
variation of zzσ  becomes less accurate for laminates 
with low span-to-thickness ratios, as shown by Tessler 
et al.11  

(b) 
 

Fig. 3   Non-uniform surface temperature applied to 
(a) the [  laminate and (b) the  
sandwich panel. 

4 2 4 2 40 /90 /0 /90 /0 ]

 
The deformed configurations of the laminate and the 
sandwich panel are shown in Fig. 4. The laminate ex-
periences significant bending and the upper surface 
bulges out more than the lower surface. In the case of 
the sandwich panel, there is no significant bending of 
the lower face sheet; however, the upper face sheet ex-
hibits significant bending or it bulges out. The unsym-
metric stacking sequence of the laminate enables the 
coupling between the in-plane stretching and transverse 
bending  due  to  the non-zero values of the components 

 In the case of sandwich panels, the presence of a soft 
core in between stiff face sheets gives rise to a highly 
nonlinear behavior of the displacements. As observed 
from Fig. 8, apart from being nonlinear, the in-plane 
displacement xu  has a slope discontinuity at the inter-
face of the core and face sheets. The close proximity of 
the present solution to the exact solution is due to the 
utilization of the process of displacement recovery from 
integration of strain components. The variation of zu  is 
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Fig.5   Through-the-thickness in-plane and transverse displacements, xu  and , for a [  
laminate. 

zu 4 2 4 2 40 /90 /0 /90 /0 ]

 
 
 

 

ig. 6   Through-the-thickness mechanical in-plane normal and mechanical transverse normal strains, 

 
 

F ε M
xx  

and ε M
zz , for a 4 2 4 2 4[0 /90 /0 /90 /0 ]  laminate. 
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ig. 7   Through-the-thickness in-plane normal, transverse shear, and transverse normal stresses, 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
F σ xx , σ xz , 
and σ zz , for a  4 2 4 2 4[0 /90 /0 /90 /0 ]  laminate. 
 

 

displacements, u  and u , for a sandwich panel.

 

Fig. 8   Through-the-thickness in-plane and transver

 
 
 
 
 
 
 
 
 
 
 
 
 
 

se x z
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fairly accurate, as illustrated in Fig. 8b. The results of  6Rolfes, R., oor, A K., and Sparr, H., “Eval
the mechanical strains, M

zzε  and M
zzε , shown in Fig. 9, 

reveal that even in this he tra verse normal stain 
is comparable to the norm in-plane stain. As depicted 
in Fig. 10, 
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Conclusions

pres alysis

 
 A new sandwich element based on the {3,2}-order 
plate theory in conjunction with the hybrid energy func-
tional has been developed and validated for thermo-
elastic analysis of composite structures with sandwich 
constructions. The validation was established by com-
parison against the exact solution for a simply sup-
ported, unsymmetric, graphite/epoxy laminate and a 
sandwich panel made of a soft PVC core with graphite/ 
epoxy face sheets subjected to a non-uniform tempera-
ture field. This new computationally efficient element 
captures the correct variation of deformations in the 
thickness direction, as they are evaluated from a pos-
teriori calculations of equilibrium equations. 
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Fig. 10   Through-the-thickness in-plane normal, tran
and σ zz , for a sandwich panel. 
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 16 
 American Institute of Aeronautics and Astronautics 
 



 

Appe dix An   
 the matrix operation 

1
ε κ

ε κ

−′ ′ ′ 
 ′′ ′′ 

t t
t t

  (A1) 

22 ( )
33, , k

kS dzφ φ     (A2) 

{ }k kt tα α′ ′′= =        ( 1,7;  , )k α ε κ= =      (A3) 

The vectors ε κ κ′ ′′ ′ ′′q q q q  in Eq. (11) are obt
 

  ε κ

ε κ

′ 
 ′′ ′ 

q q
q q

 
where  ( , =1,2)ijS i j , , and  ( , )α α α ε κ′ ′′ =t t  are 
 

  11, 12 22S S S  

 
  {′

in which 
 

aine,  ,  , and ε d from

1

( ) ( ) ( ) ( )
3 33

1

ˆ ˆ ,   
k k

k

h hK K
k k k k

j j j
k h

t R S dz t R S dzε εϕ ϕ
−

=


′ ′ ∑ ∑

11 12

12 22

S S
S S

 
=  ′  

given as 

1
1

, 1
k

k

hK

k h −
=

= ∑ ∫

}    and   t tα α′ ′

  1

3 33
1

( ( )
3 33

 k

k k

k j j j
k h

h hK K
k k

j jR

κ κ

κ

−
= 






 ( 1,7;  no summation on )j j=
k= =∫ ∫

     (A4) 

1 1

( ) ( )
3 33 j

1 1

ˆ ˆ ,   t  =
k k

k k
j j j k

k kh h

t R S dzε ε κϕ φ ϕ φ
− −

= =

′′ ′′= ∑ ∑∫ ∫
 
with 
 
  { } {( ) ( )

3 1
ˆ k k

jR R=

and 
  { } 0 0 0 2, 2,, ,1, ,j P P P P P
 
The computation of ir  in Eq. (13) is done in the follo
 

  
  

=
 

where  
 

)S kdz

}( ) ( ) ( )
13 23 63, , ,k k k kR R R R   (A5) 

} { }1 1 1 3 3 3, ,1, , , ,P P P P P P= =   (A6) 

er: 

1
12 1

22 2

l
l

−
  

  
  

 

( )
3
k ( )

3 2 63, ,1,R

{ } {2 j     Pε κϕ ϕ ,

w g mannin

1 11

2 12

r S S
r S S 



( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1 13 33 23 33 33 63 33

k k k k k k k k k k k
xx yy zz xl R S R S S R Sα α α α= + + +

( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2 13 33 23 33 33 63 33

k k k k k k k k k k k
xx yy zz xyS R S S R Sα α α α= + + +

Appendix B 
n Eq. (20) are defined as 

11 12 13 14 15 16 17

22 23 24 25 26 27

33 34 35 36 37

44 45 46 47

55 56 57

A A A A A A A
A A A A A A

A A A A A
A A A A

A A A

 
 
 
 
 

=  
 
 

A

( )
1

1 2
1

 
k

k

hK

y
k h

T T ζ
−

=

+∑ ∫  kdz  (A7a) 

 ( )
1

1 2
1

 
k

k

hK

k h

l R T T ζ
−

=

+∑ ∫ kdzφ  (A7b)  

 

The matrices A, D, and B i

 

 
 

 

66 67

A 
77

sym. A A
  

 

 (B1) 
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  D (B2) 

11 12 15 16 17

33 34 35 36 37

44 45 46 47

55 56 57

66 67

77

sy

D D D D

D D D D D
D D D

D D D
D D

D

 

 
 

=  
 
 
 
   

D

 

13 14D D D

22 23 24 25 26 27D D D D D D 

m.

 

  

  






  (B3) 

 
and the matrix G has the form 

 

11 12 13 14 15 16 17

21 22 23 24 25 26 27

31 32 33 34 35 37

41 42 43 44 45 46 47

51 52 53 54 55 56 57

61 62 63 64 65 66 67

71 72 73 74 75 76 77

B B B B B B B
B B B B B B B
B B B B B B B
B B B B B B B
B B B B B B B
B B B B B B B
B B B B B B


 
 



=  
 
 
 
 

B



36

  

B

11 12

12 22

G G
G G

 
=  

 
G  (B4) 

tegrating the strain energy density of the sandwich panel [i.e., the first integrand in Eq. (16)], throug
ness after substituting from Eqs. (4), (6), (10), and (11) in conjunction with Eq. (13), the components of 

, B, D, and G are obtained as 

                

 

 
 By in h the 
thick
matrices A
 

{ }( ) ( )
33

ˆ k k
ij ij i j i j kA C s dzε ε ε εϕ ϕ ψ ψ= + ∑ ∫

           (i j{ }

{ }

1

1

1

1

( ) ( )
33

1

( ) ( )
33

1

ˆ

ˆ

k

k

k

k

k

k

hK

k h

hK
k k

ij ij i j i j k
k h

hK
k k

ij ij i j i j k
k h

B C s d

D C s

ε κ ε κ

κ κ κ κ

ϕ ϕ ψ ψ

ϕ ϕ ψ ψ

−

−

−

=

=

=





= + 


= + 


∑ ∫

∑ ∫

, 1,7 ;   no summation on  and )i j=z

dz

       (B5) 

and 

                             ( , 1,2)i j =      (B6) 

1

2
2

3, 3
1

5 ˆ(1 )
4

k

k

h

K

ij i j k
k

h

G Cξ

−

+ +
=

   = −     

⌠

⌡

∑  dz

 
in which ( )ˆ k

ijC  is defined in matrix form as 
 

   (B7) 

( )

11 12 16 11 12 16

22 26 12 22 26

( )
66 16 26 66

11 12 16

22 26

66

0
0
0 0 0 0 0

ˆ

sym.

k

k
ij

C C C C C C
C C C C C

C C C C C
C C C

C C
C

 
 
 
 
   =  
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 jεϕ  and jκϕ  ( 1,7j =and the functions )  are defined in the form 
 

  j j j

j j j

q q
q q

ε ε ε

κ κ κ

ψ φ
ψ φ

′ ′′= + 
′ ′′= + 

  )      (B8) 

Note that matrices A, D, and G are symmetric, whereas matrix B becomes nonsymmetric due to the presence of the 

( 1,7j =

 

jψ ‘s. 
 Although the single-layer theory predicts the correct through-the-thickness variation of transverse shear strains 

tropic panel, it does not consistently predict accurate results for composite sandwich panels having 
significant differences in material properties between the core and the face sheet. The commonly accepted approach 
referred to as the energy (transverse shear strain energy) matching technique is invoked in order to correct for the 
transverse shear strain behavior. This correction is invoked in matrix  as 
 

for an iso

 G

  (B9) 
2

11 12
2

12 22

yz yz xz

yz xz xz

c G c c G
c c G c G

 
=  

  
G   

 
where  and yzc xzc

m
 are known as the shear correction factors. The shear correction factors improve the global 

transv displace ents of the sandwich panel. The exact transverse shear strain energies are related through the 
ear correction factors as  

  

erse 
sh
 

( ) (
2

1
z z

exact uncorrected

z

U U
cα αγ γ

α

=  ) )( ,x yα =      (B10) 

 
 which zcα , with )( ,x yα =in , represents the transverse shear correction factors. 

ction factor being dependent on a particular material system only. 
A square, simply supported, thin panel with a length-to-thickness ratio of 10000 under a double sinusoidal 

distributed loading is considered as a benchmark problem. Based on the analytical solution of the present single-
layer theory provided by Barut et al.17 and the exact solution developed by Anderson et al.,18 the transverse shear 
strain energies  and  of the panel can be expressed in the form 

  

 Determination of the transverse shear correction factors for a particular material system requires the exact 
solution of benchmark problems for which the transverse shear strain energy must be independent of the geometry 
and loading. This leads to the shear corre
 

( )
z

uncorrectedU
αγ

( )
z

exactU
αγ

 
2 2

( ) ( ) 2 2

0 0 2 2z z

b a
uncorrected uncorrected x yU U Sin Sin dxdy

a bα αγ γ
π π   =    

   ∫ ∫
)

  (B11a) 

 

  
2 2

( ) ( ) 2 2

0 0 2 2z z

b a
exact exact x yU U Sin Sin dxdy

a bα αγ γ
π π   =    

   ∫ ∫
)

  (B11b) 

 
he the lengths of the panel along the w re 2a  and 2b  are n by 

 
x - and -axes and  y ( )

z

uncorrectedU
αγ

)
 and ( )

z

exactU
αγ

)
 are give

 z dz   (B12a) 

  

( )
1 2( ) ( )

0
1

( )
k

z

k

zN
uncorrected uncorrected

z
k z

U G
αγ α αγ

+

=

= ∑ ∫
)

 

 

( )1
2( )

( )

1

( )k

z

k

exactzN zexact

k z

z
U d

Gα

α
γ

α

σ+

=

= ∑ ∫
)

)
z   (B12b) 

 
where  and . Therefore, substituting from Eqs. (B11) and (B12) into Eq. (B10) results in the 

o ors, 
11xG G=

 shear c
22yG G=

rrection fact 2
zcαtransverse m in a simplified form , being dependent only on the material syste

 

  
( )

2
( )

z

z

uncorrected

z exact

U
c

U
α

α

γ
α

γ

=

)

)  ( , )x yα =  (B13) 
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The components o e resu nt  force vector *N  in Eq. (2f th lta  thermal 0) are defined as 

  

 

( )(
1

(0) * ( )
1 1 1 2 33

1

k

k

hK
k

xx
k h

N q q r rε κφ φ
−

=

′ ′= − + +∑ ∫ )S

( )( )( ) ( ) ( ) ( ) ( ) ( )
11 12 16 1 2

k k k k k k
xx yy xy kC C C T T dzα α α ζ − + + + 

 (B14a) 

 

  
( )( )

( )( )
1

(0) * ( )
2 2 1 2 33

1

( ) ( ) ( ) ( ) ( ) ( )
12 22 26 1 2

k

k

hK
k

yy
k h

k k k k k k
xx yy xy k

N q q r r S

C C C T T dz

ε κφ φ

α α α ζ

−
=

′ ′= − + +

− + + + 

  

∑ ∫
 (B14b) 

 

( )( )
1

(0) * ( )
3 3 1 2 33

1

k

k

hK
k

zz k
k h

N q q r r Sε κφ φ
−

=

dz ′ ′= − + + ∑ ∫  (B14c) 

 

  
( ) ( )

1

(0) * ( )
4 4 1 2 33

1

k

k

K
k

xy
k h

N q q r r Sε κφ φ
−

=

′ ′= − + +∑ ∫
 (B14d) 

( )( )( ) ( ) ( ) ( ) ( ) ( )
16 26 66 1 2

h

k k k k k k
xx yy xyC C C T Tα α α ζ − + + +  kdz

 

  1
1

k
k h −

=
( )( )(1) * ( )

5 5 1 2 33

khK
k

xxN q q r r Sε κφ φ′ ′= − + +∑ ∫

( )( )
2

( ) ( ) ( ) ( ) ( ) ( )
11 12 16 1 2

1
6 2

k k k k k k
xx yy xy kC C C T T dzζα α α ζ

 
− + + + − 

 

 (B14e) 

 



  

( )( )
1

(1) * ( )
6 6 1 2 33

1

1

k

k

hK
k

yy
k h

N q q r r Sε κφ φ

 (B14f) −
=

′ ′= − + +



∑ ∫

( )( )
2

( ) ( ) ( ) ( ) ( ) ( )
12 22 26 1 2 6 2

k k k k k k
xx yy xyC C C T T ζα α α ζ


− + + + −  

 
kdz

 

  (B14g) 

( )( )

( )( )
1

(1) * ( )
7 7 1 2 33

1

2
( ) ( ) ( ) ( ) ( ) ( )

16 26 66 1 2
1
6 2

k

k

hK
k

xy
k h

k k k k k k
xx yy xy

N q q r r S

C C C T T

ε κφ φ

ζα α α ζ

−
=

′ ′= − + +

 
− + + + −  



∑ ∫

kdz

 

The components of the resultant thermal moment vector  in Eq. (20) are defined as 

 

 
 

 *M
 

( )( )

( ) ( )
1

(0) * ( )
1 1 1 2 33

1

( ) ( ) ( ) ( ) ( ) ( )
11 12 16 2

k

k

hK
k

xx
k h

k k k k k k
xx yy xy

M q q r r S

h C C C T d

ε κφ φ

ζ α α α ζ

−
=

′′ ′′= − + +

− + + + 

∑ ∫
 

kz

 (B15a) 

1T
 

  
( )( )

1

* ( )
2 2 1 2 33

1

k

k

K
k

yy
k h

M q q r r Sε κφ φ
(B15b) 

 

−
=

′′ ′′= − + +∑ ∫
 

( )( )

(0)

( ) ( ) ( ) ( ) ( ) ( )
12 22 26 1 2

h

k k k k k k
xx yy xh C C C T Tζ α α α ζ − + + +  kdzy
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( )( )
1

3 3 1 2 33
1

k

zz k
k h

M q q r r S dε κφ φ
−

=

z ′′ ′′= − + + ∑ ∫(0) * ( )
khK

k   (B15c) 

 

  
( )( )

( ) ( )
1

(0) * ( )
4 4 1 2 33

1

( ) ( ) ( ) ( ) ( ) ( )
16 26 66 1 2

k

k

hK
k

xy
k h

k k k k k k
xx yy xy

M q q r r S

h C C C T T d

ε κφ φ

ζ α α α ζ

−
=

′′ ′′= − + +

− + + + 

∑ ∫

kz

 (B15d) 

 

 

( )( )

( )( )
1

(1) * ( )
5 5 1 2 33

1

3
( ) ( ) ( ) ( ) ( ) ( )

11 12 16 1 2 5

k

k

hK
k

xx
k h

k k k k k k
xx yy xy

M q q r r S

h C C C T T

ε κφ φ

ζ ζα α α ζ

−
=

′′ ′′= − + +

 
− + + + −



∑ ∫
 

3 kdz


 (B15e) 

 

  


 (B15f) 

( )( )

( )( )
1

(1) * ( )
6 6 1 2 33

1

3
( ) ( ) ( ) ( ) ( ) ( )

12 22 26 1 2 5 3

k

k

hK
k

yy
k h

k k k k k k
xx yy xy

M q q r r S

h C C C T T

ε κφ φ

ζ ζα α α ζ

−
=

′′ ′′= − + +

 
− + + + −  

 

∑ ∫

kdz

 

   (B15g) 

( )( )

( )( )
1

(1) * ( )
7 7 1 2 33

1

3
( ) ( ) ( ) ( ) ( ) ( )

16 26 66 1 2 5 3

k

k

hK
k

xy
k h

k k k k k k
xx yy xy

M q q r r S

h C C C T T d

ε κφ φ

ζ ζα α α ζ

−
=

′′ ′′= − + +

 
− + + + − kz 

 

∑ ∫

 
 

Appendix C 
 The matrices  and  in Eq. (33) can be expressed as  
 

 

b P

{
}

(0) (0) (0) (0) (1) (1)

(1) (0) (0) (0) (0) (1) (1) (1) (0) (0)

, , , , , ,

, , , , , , , ,

b α α α α α α

α β β β β β β β ρ ρ

T T T T T T T
xx yy zz xy xx yy

T T T T T T T T T T
xy xx yy zz xy xx yy xy yz xz

=
  (C1a) 

 

 
  4)  (C1b) 

 

where 

{ }( ) ( ) ( ) ( ) ( ) ( )
(0) (1) (2) (3) (, , , ,T T T T T T

ξη ξη ξη ξη ξη ξη=l l l l l lα α α α α α

 

{ }(0) (0) (0)T T T T(0)
(0) (1) (2), ,zz zz zz zz=α α α α   (C1c) 

 
,  

  

  (C1d) 
 

{ }( ) ( ) ( ) ( ) ( ) ( )
(0) (1) (2) (3) (4), , , ,T T T T T T

ξη ξη ξη ξη ξη ξη=l l l l l lβ β β β β β

{ }(0) (0) (0) (0)
(0) (1) (2), ,T T T T

zz zz zz zz=β β β β  (C1e) 

  
 

{ }(0) (0) (0) (0)
(0) (1) (2), ,T T T T

z z z zξ ξ ξ ξ=ρ ρ ρ ρ  (C1f) 
and 
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(0)

(0)

(0)

(0)

(0)

(0)

T
xx

T
yy

T
xx

T
yy

T
yz

xz

 
 
 
 
 
 
 
 =
 
 
 
 
 
 
   

N 0 0
0 N 0
0 0

M
P

M

0 0
0 Q 0

0

L L L

L L M

M M

M M

M M

M M

M L L

L L L

  

0

  

T0 0 Q

(C2a) 

 
here 

    (C2b) 
 

w
 

{ }( ) ( ) ( ) ( ) ( ) ( )
(0) (1) (2) (3) (4), , , ,l T l T l T l T l T l T

ξη ξη ξη ξη ξη ξη=N N N N N N

  (C2c) { }(0) (0) (0) (0)
(0) (1) (2), ,T T T T

zz zz zz zz=N N N N   
 

 4)  (C2d) 

  

{ }( ) ( ) ( ) ( ) ( ) ( )
(0) (1) (2) (3) (, , , ,l T l T l T l T l T l T

ξη ξη ξη ξη ξη ξη=M M M M M M 

{ }(0) (0) (0) (0)
(0) (1) (2), ,T T T T

zz zz zz zz=M M M M  (C2e) 
 
  (C2f) { }(0) (0) (0) (0) (0)

(0) (1) (2) (3), , ,T T T T T
ξη ξη ξη ξη ξη=Q Q Q Q Q   

 
The matrix  in Eq. (37), which consists of the interpolation functions, is defined as  ( )k′L
 

  

1 2

1 2

1 2

1 2

1

( ) 1, 2,

1, 2,

3

( ) ( ) 0 0 0 0 0 0 0 0
0 0 ( ) ( ) 0 0 0 0

0 ( ) 0 0 0 0
0 0 0 0 0 0 ( ) ( ) 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 ( ) ( ) 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 ( ) (
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0

3 (
0 0 0 0

k s s

s s

N s N s
N s N s

s
H s H s

H

H s H s

H s H s

M

′ =L

3 3) 3 ( ) 6 ( ) 6 ( )
0 0

2 2
0 0 0 0 0 0 0 0 0 0

k k k

s M s M s M s



















 −



l l

 

0 0
0 0 0 ( )H s H

2( ) ( )s H s

) 0 0

1, 2,0 ( ) ( )s sH s H s

3

k5 5
−

l l

 
 

 (continued on next page) 
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3 4

3 4

1 2

3, 4,

1 2

3, 4,

1 2

3 3

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 ( ) ( ) 0 0 0 0 0 0
0 0 0 0 0 0 ( ) ( ) 0 0
0 0 0 0 0 0 0 0 0 0

) ( ) 0 0 0 0 0 0 0 0
0 0 ( ) ( ) 0 0 0 0 0 0
0 0 0 0 ( ) ( ) 0 0 0 0
0 0 0 0 0 0 ( ) ( ) 0 0
0 0 0 0 0 0 0 0 ( ) (
0 0 0 0 0 0 0 0 0 0

3 ( ) 3 ( )
0 0 0 0 0 0 0 0

4 4
0 0 0

s s

s s

H s H s
H s H s

N s
H s H s

N s N s
H s H s

N s N s

M s M s

0 0 0 0 0 0

(N s

)

  

0
 

  

4

3, 4,

3 3 3 3
1 1

1 2

0 0 0 0 0 0
0 0 0 0

0 0 0 0 0 0
0 0 0 0

( ) ( ) 0 0 0 0
0 0 0 0 0 0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

( ) ( ) 0 0 0 0
3 ( ) 3 ( ) ( ) ( )

( ) ( ) 0 0
5 5 2 2
0 0 0 0 ( ) (

s s

s H s

H s H s
M s M s M s M s

M s M s

N s N s


















+ +



0 0

0 0

3H

0 0 0 0 0 0 


)

  (C3) 

 
 in Eq. (39), which is the transformation matrix between the nodal degrees of freedom define  in the 

element 
The matrix d ( )kZ

)( ,x y  and line coordinate  systems for the  edge, is defined as 
 
  

( , )n s  thk

[ ](1)
1 2, ,0=Z Z Z   (C4a) 

 
  [ ](2)

1 20, ,=Z Z Z   (C4b) 
 
  [ ](3)

2 1,0,=Z Z Z   (C4c) 
 

here  and  are defined below in terms of  and 1Z 2Z  kc ks  representing cos( )k kc ϕ= and sin( )k ks ϕ= , respectively w
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         0  

 
and  
 

1

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0

k k

k k

k k

k k

c s

s c

c s

c s

−

=Z

0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

k k

k k

k k

k k

k k

k k

c s

s c

s c

s c

c s

s c


























 −


 −


−

− −

−



                              (C4d)
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2

0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0

Z

k k

k k

k k

k k

c s

s c

c s

c s

−

=

0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

k k

k k

k k

k k

k k

k k

c s

s c

s c

s c

c s

s c





























−



−

−

− −

−

                                    (C4e)

































 
 
 
 
 
 
 
 
   

 
The transformation between the displacement vectors, ( )k′u and , is established as k , where the 

atrix  is defined as 
 

  

( )ku ( ) ( ) ( )k k′ =u Y u
 ( )kYm

( )

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

k k

k k

k k
k

k k

k k

k k

k k

k k

k k

k k

c s
s c

c s
s c

c s
s c

c s
s c

c s
s c


−

= −

−

−

−

Y


 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   

  (C5) 
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The matrix  in Eq. (47) is defined as 
 

  

 uB

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 5 4 0 0 0 1 0 0 5 4
0 0 0 0 0 0 5 4 0 0 0 1 5 4 0

h
h

 
 
 
 
 
 
 
 

=  
 
 
 
 
 
 
 
  

uB  (C6) 

 
The matrix  in Eq. (48), which relates the boundary stress vector  to the resultant stress vector defined in the 
element, is defined as 
 

  

 sB ( )k
bT

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

x y

y x

y x

x y

x y y x

x y

y x

n n
n n

n n
n n

h n h n h n n
x y x y

n n
n n









    ∂ ∂ ∂ ∂ = − − − +     ∂ ∂ ∂ ∂     







sB  

0

0
0 0 0 0
0 0 0 0

5 5 5
4 4 4

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

0 0

0 0
0 0

0
0

0
0
0
0
0

0
0

x y y x y

x y y x

x y

y x

n n n n n
x y x y

n n n n
x y x y

n n
n n



xn



   ∂ ∂ ∂ ∂ − − − +     ∂ ∂ ∂ ∂     








 ∂ ∂ ∂ ∂ − − − +  ∂ ∂ ∂ ∂ 




  (C7)  
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 The com nents of the resultant strespo s vector, , given in Eq. (29) satisfy the equilibrium equations provided 
at the following constraint conditions are imposed in order to eliminate the redundancy of the assumed stress field: 

  

hS
th
 

( )
4

1 (0) (0)
( ) ( )

1
Re 0k

xx k xy k
k

z k ikα α−

=

 
+ = 

 
∑  (C8a) 

 

  ( )
4

1 (0) (0)
( ) ( )

1
Re 0k

yy k xy k
k

z ik kα α−

=

 
+ = 

 
∑   (C8b) 

 

  
( )

( )

4
2 (1) (1) (1)

( ) ( ) ( )
2

3
1 (0) (0)

( ) ( )
1

5Re ( 1) ( 1) 2 ( 1)
4

0 

k
xx k yy k xy k

k

k
xz k yz k

k

z k k k k ik k

z k ik

β β

ρ ρ

−

=

−

=

  
− − − + −  

 
 

− +  
 

∑

∑

β

=

 (C8c) 

 

  
1 1

3

k k= =  (C8d) 

4 4
1 (1) (1) 1 (0) (0)

( ) ( ) ( ) ( )

(0)
( )

0

5Re ( ) ( )
4

( ) 0 

k k
yy k xy k yy k xy k

k
yz k

k

z ik k z ik k

z

β β β β

ρ

− −

=

   
+ + +   

  

 
− = 

 

∑ ∑

∑





 

  

4 4
1 (1) (1) 1 (0) (0)

( ) ( ) ( ) ( )
1 1

3
(0)

( )
0

5Re ( ) ( )
4

( ) 0 

k k
xx k xy k xx k xy k

k k

k
xz k

k

z k ik z k ik

z

β β β β

ρ

− −

= =

=

   
+ + +   

  
 

− = 
 

∑ ∑

∑





 (C8e) 

 

  

4
2 (1) (1) (1)
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 The relations used in the construction of matrix in Eq. (30) and also defined explicitly in terms of complex 
variables in Eq. (C8) are imposed as constraint equations that are suitable for computational implementation as 
follows: 
 
  

c

(0) (0)
( ) ( )Re Im 0xx k xy kk kα α   − =     ( 1,2,3, 4k =  ) (

 
  

C9a) 

(0) (0)
( ) ( )Im Re 0xx k xy kk kα α   + =     ( 2,3, 4k = )  (C9b) 

 
  = )  (C9c) 
 
  

(0) (0)
( ) ( )Im Re 0yy k xy kk α α   − +     ( 1,2,3, 4k =

(0) (0)
( ) ( )Re Im 0yy k xy kk α α   + =      )  (C9d) 
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Appendix D

 

 
 

The transverse shear stresses, ( )k
xzσ and ( )k

yzσ , in the  layer are obtained by integrating the in-plane equilibrium 
 while utilizing the constitu e rel ns give Eq. (6) as 

thk
n in tiv atio

 
equations
 

  (D1a) ( )
( )

( ) ( ) ( )
, ,

2

kz
k k k

xz xx x xy y
h

dσ σ σ
−

= − +∫ ξ  
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  (D1b) ( )
( )

( ) ( ) ( )
, ,

2

kz
k k k

yz xy x yy y
h

dσ σ σ
−

= − +∫ ξ  

 
 which the derivatives of in-plane stresses are expressed as the dot products 

  

in
 

( ) ( )( ) ( ) ( ) ( ) ( )
, 1 12 13 16 , , , , , , ,, , , , , ,k k k k k

xx x xx x xx x yy x yy x zz x xy x xy xC C R C T T Tσ ε α ε α σ= − ∆ − ∆1

 
γ α− ∆  (D1c) 

  ( ) ( )( ) ( ) ( ) ( ) ( )
, 12 22 23 26 , , , , , , ,, , , , , ,k k k k k

yy y xx y xx y yy y yy y zz y xy y xy yC C R C T T Tσ ε α ε α σ γ α= − ∆ − ∆ − ∆  (D1d) 

  
 

( ) ( )( ) ( ) ( ) ( ) ( )
, 1 26 63 66 , , , , , , ,, , , , , ,k k k k k

xy x xx x xx x yy x yy x zz x xy x xy xC C R C T T Tσ ε α ε α σ= − ∆ − ∆6

 
γ α− ∆   (D1e) 

  ( ) ( )( ) ( ) ( ) ( ) ( )
, 16 26 63 66 , , , , , , ,, , , , , ,k k k k k

xy y xx y xx y yy y yy y zz y xy y xy yC C R C T T Tσ ε α ε α σ= − ∆ − ∆ γ α− ∆  (D1f) 

Note that the material properties 
 

( )k
ijC  and  are functions of( )k

ijR  ( )kξ
 ( )k

zzσ , is obtain ntegrating the tran erse equilibrium equation as 

 

ed by i sv
 (thickness direction) only. Similarly, the 

 stress comp nt,transverse one
 

( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
, , , , ,
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= − + = + +∫ ∫ ∫ ξ  (D2a) 

he double de ves of
 
in which t rivati  ( )k

xxσ , ( )k
yyσ , and ( )k

xyσ  are expressed as the dot products 
  

 ( ) ( )( ) ( ) ( ) ( ) ( )
, 11 12 13 16 , , , , , , ,, , , , , ,k k k k k

xx xx xx xx xx xx yy xx yy xx zz xx xy xx xy xxC C R C T T Tσ ε α ε α σ= − ∆ − ∆ γ α− ∆  (D2b) 
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, 12 22 23 26 , , , , , , ,, , , , ,k k k k k
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, 16 26 63 66 , , , , , , ,, , , , , ,k k k k k
xy xy xx xy xx xy yy xy yy xy zz xy xy xy xy xyC C R C T T Tσ ε α ε α σ γ α= − ∆ − ∆ − ∆  (D2d)  

 
ration of the ne and transverse equilibrium equations requires the continuo s representation

strain components and the transverse normal stress component so that their differentiation can be performed. The 
dal degrees of freedom obtained from the solution of Eq. (61) are then utilized to approximate their continuous 

behavior in each element by employing linear interpolation functions, , as  
 

  (D3) 

in which the quantities with subscript (m) denote their value at node “m.” 
 However, for simply supported panels, their global behavior can be approximated in terms of Fourier series as 

  )  (D4a) 

  )  (D4b) 

 

The integ in-pla u  of the 
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e e e e e e e e e e e
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θ θ
=

  =  ∑
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2, ( ) ( ) ( ), ,e e e

y m x m y mw θ θ  

) (e e

 

 

 

( ) ( ) (
1 1

, cos sinmn
m n

m n

u x y U x yα β
∞ ∞

= =

= ∑∑%

 

( ) ( ) (
1 1

, sin cosmn
m n

m n

v x y V x yα β
∞ ∞

= =

= ∑∑%

  ( ) ( ) ) ( ) ( )1 2 1 2
1 1

, , , , , sin sinmn mn mn
m n

m n
w x y w w y W W W x yα β

∞ ∞

= =

 =   (D4c) (, ,x y x ∑   ∑% % %

 

  ( ) ( )2, cos sinmn
x m nx yα β  (D4d) ( ) ( ) ( ), 1, 2, , 1,

1 1

, , , , , , ,mn mn
x x x x x

m n

w x y w x y w x y W W W
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= =
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  ( ) ( )2, sin cosmn
y m nW x yα β  (D4e) ( ) ( ) ( ), 1, 2, , 1,

1 1

, , , , , , ,mn mn
y y y y y

m n

w x y w x y w x y W W
∞ ∞

= =

  =  ∑∑% % % 
 

  ( ) ( ) ( ), sin cosmn
x x m nx y x yθ α β= Φ∑∑%

1 1m n

∞ ∞

= =

 (D4f) 

 )n

 

( ) ( ) (
1 1

, cos sinmn
y y m

m n

x y xθ α
∞ ∞

= =

= Φ∑∑% yβ  (D4g) 

here 
 
w m

employing
α  and nβ  are defined as /(2 )m aπ  and /(2 )n bπ , respectively. The unknown coefficients are calculated by 

 Gauss integration techniques 
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mn e e
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  (D5e) 
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1 1
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e iab

β ψ
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 (D5f) 
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1 1

1 , cos sin
eN G

mn e e
y y i i m i

e i

A x y x y
ab n i iθ α β ψ

= =

Φ = ∑∑  

 
here  is the number of elements,  is the number of Gauss points for each element, and eN G iψ

th th ( )e
 is the weight of the w

numerical integration at the i  Gauss point. The area of e  element, A , is given as 
 

  (D6) ( ) ( ) ( ) ( )
1 2 3
( ) ( ) ( )
1 2 3

1 1 1
1
2

e e e e

e e e

A x x x
y y y

=  

 
 coefficients are then used to obtain a continuous representation 

q. (D4), which can now be differentiated analytically. The second partial derivatives of the displacement 
omponents are used to calculate the first partial derivatives of the resultant strain and curvature components 

 Eq. (5), which in turn are utilized to compute the transverse shear stress. Note that t
ansverse normal stress in Eq. (2a) requires the second derivative of the resultant strain and curvature components, 
erefore the third order derivatives of the displacement components in Eq. (D4) are evaluated. 

gh-the-thickness variations of the displacement components are computed from the 
relation as 

The Fourier of the displacement components, using 
E
c
employing he computation of the 
tr
th
 Throu strain displacement 
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∫

∫
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( , , 2)u x y hα −

 (D7a) 
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( ) ( )

2

( , , 2 )
kz

k k
z zz z

h

u d u x yε ξ
−

= + −∫ h  (D7b) 

 
where ( , , 2)u x y hα −  and ( , , 2 )zu x y h−

nts are obtaine
 are computed from the original displacement expression given in Eqs. (1) 

nd (3). The strain compone d by the stress-strain relations. a
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